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HYPERFINE INTERACTIONS: TABLES OF
ISOTROPIC AND ANISOTROPIC PARAMETERS
FOR THE ATOMS HYDROGEN TO BISMUTH

by

J. A. McMillan and T. Halpern

ABSTRACT

This reportdiscusses the hyperfine-interaction para-
magnetic Hamiltonian. Tables of expectation values for the
atoms hydrogen to bismuth are given for the contact term
and for the principal values of the dipole-dipole interaction,
reduced to g = 2. An empirical relation is given that per-
mits one to evaluate the change in <r > with charge in
transition metal ions.

INTRODUCTION

The hyperfine term of the paramagnetic Hamiltonian is

N
Bl - K5 1 +Q(3 = aal > (1)
r
where K is a scalar, § and f are the electron and nuclea.rAspin operators,
T is the electron radius vector with origin at the nucleus, L is the orbital
angular momentum operator, and

Q = genplenen/h), (2)
with
ge = free-electron g value,
up = Bohr magneton,
and

gNuN/h = nuclear Larmor precession frequency.

When the orbital angular momentum is completely quenched by the
crystal field, the term in L vanishes and Eq. 1 reduces to



v S FEcl 80T (3)
th:Ks~1+Q<3 — 5 3>,

o

which is then valid for spin-only paramagnetism.

In order to treat an incompletely quenched angular momentum, Eq. 1

is rewritten as

(4)
Tl SIS AU

where A is a symmetric, second-rank tensor and S is now the effective-
spin operator, for which no different symbol is used. The effective-spin
operator operates on the perturbed wavefunction of the electron state in-
cluding orbital effects, and not on the spin variables only.

When the ground state is an orbital singlet, for example, first-
order perturbation leads to an electron wavefunction, IO*>, which is com-
posed of the unperturbed ground state |0> and admixture of excited states

|n>; i e

g%> = o= - 2 Z <rjE|L §|O> In>, (5)
ials 0

where Ep - E; is the crystal-field splitting of the electron energy levels
and A is the expectation value of the spin-orbit coupling operator which is
a function of the radius alone; i.e.,

e %[ii v(r)]. (6)

2m?c?|r or

Equation 5 is valid if

(a) |n> belongs to the [0> manifold,
and

(=) 3 == i = 1Ty

The wavefunction of Eq. 5 is an eigenfunction of the effective- spin
operator S with the eigenvalue IElchatch

Sz|0*,ms> = mg|0*,mg>. (7)
Raising and lowering operators Sy and S_ are defined in the usual manner,
Second-order perturbation leads to an effective-spin hyperfine term

in which the orbital effect makes the electron-nucleus dipole-dipole inter-
action tensor no longer traceless. Each case has to be worked out after a



knowledge of the crystal-field splittings and leads to the hyperfine param-
eters that would have been observed, had the orbital angular momentum
been completely quenched. These are the parameters discussed and tabu-
lated in the present report.

DISCUSSION OF TABLES
The hyperfine-interaction tensor ‘2., reduced to spin-only para-
magnetism, is composed of an isotropic part K and a traceless tensor T
such that
A= T (8)
Since T is traceless, K is given by one-third the trace of A; B0y

e = i A (9)

|~

In the orthogonal reference frame that diagonalizes T (and hence 1’31), the
principal values of both tensors are related by

g = RCeE gy (10)
where the subscripts stand for the coordinates; i.e., i = x,y, z.

In s states, the isotropic term, also called Fermi or contact term,
is given by

K :%Qlwns(o)lz. (11)

The values of K in MHz and in gauss are given in Table I.

For core polarization, K is given by
8m
K = ?Q z [I‘l’ns(o)ﬂz F |¢n5(0)ll2:| (12)
ns

where the arrow pointing up identifies the orientation of the total spin S of
the ion. Spin-polarized Hartree-Fock calculations have been performed for
several ion series.!”® These calculations indicate that the polarization is
opposed to that of the ion total spin S, being of -125, -375, and -700 kG at
the nucleus for mg = %, approximately, for the first (3d), second (4d), and
third (5d) transition series, respectively. Values have also been calculated
for some of the rare earths and several typical elements.!’?



TABLE . Parameters of Hyperfine Interaction

Isotropic Splitting

gy /h, A2 = amifgl0),
Nucleus % Abundance Nuclear Spin | Mhhz/kG Orbital a.u.
[ Il n v v Vi

Iy 99,9844 1/2 425759 1s

2 156 x 102 1 0.65357

2 - 1/2 45014

e 107 - 1075 1/2 -3.2435 2.6
LT .43 1 0.6265 2 2.09
i 92.57 3/2 16547

98e 100 3/2 -0.5983 .15
10g 18.83 3 0.4575 1.7
1ig 8117 3/2 1.3660

B3¢ 1.108 1/2 1.0705 35.0
14y 99.635 1 03076 60.5
15N 0.365 1/2 -0.4315

170 3.7x 102 512 -0.5772 96.1
19 100 1/2 4.0055 143
21Ne 0.257 3/2 0.3363 204
22Ng* - 3 0.4434 3 6.66
g 100 3/2 11262

g+ - 4 0.322

g 10.05 5/2 -0.2606 153
20p 100 5/2 1.1094 2.6
25i 4.70 1/2 -0.8458 8.1
3lp 100 1/2 1.7236 713
3s 0.74 3/2 0.3266 99.8
Bse - 3/2 0.508

B 75.4 3/2 04172 134
36c| - 2 0.4893

3¢ 2.6 3/2 0.3472

3K 93.08 3/2 0.1987 ds 873
doge 119 x 102 4 -0.2470

Ik 6.91 3/2 0.1092

a2 - 2 -0.434

4ca 013 112 -0.2865 174
45s¢ 100 712 1.0344 212
A .75 5/2 -0.2400 2.8
i 2.401 712 -0.2401

By - 7/2 102 284
S0y 0.24 6 0.4245

Sly 99.76 12 1.1193

3cr 9.54 3/2 -0.2406 321
S3mn* - 02 1.100 359
3Spn 100 5/2 10553

5Tre 2.25 1/2 0.138 9.8
36co* - 4 0.7347 53
*Tco* - 12 101

38co* = 2 1544

2Radioactive element.

2,022
3,128
1,557
-2,184
-4,637
47,959
27,630
241
627
174
-333
2,748
-3,403
10,275
2,724
4,236
4,673
5,480
3,889
145
-180

-317
-418
1,836
-498
-498
2,424
1,008
2,658
-645
3297
3,163
459
2,692
3,701
5,661

Gauss
Vi

508

-128
242
723

1,119
551
-781
-1,659
17,160
9,886
8.4
224
62.3
=)
983
-1,218
3,676
975
1516

1672

1,961

1,391

519

-64.4

28.6
=B

-150

657

178

-178
867
361
951

-231

1,180

1,132

963
1324
2,026

Orbital
X

2

Anisotropic Splitting

<3, au.
X

0.7756

1.6618
3.0205

4.9490

7.5451
10.906
17.004

17.004

24.919
1.088
2.027
3.266
4.8364

6.7688

8.9747

17.7403
1.4294
19751

2.5888

3.2812

4.0597

4.9306
5.8997

2o
MHz Gauss
X1 Xl
4.5 15.9
133 41.6
223 9.8
u7 419
-163 -58.3

-358 -128
3,790 1,356
460 165
945 338
2,401 859
687 246
-814 -291
151 54.0
-215 -76.9
706 253
198 70.8
308 110
354 127
415 148
295 106
224 80.1
-2718 G005
123 44.0
-488 -175
-637 -228
18 66.2
=59 =2l
-59 =2
331 118
138 9.4
363 130
-49 =17.5
560 200
537 192
& 304
544 195
747 267
1,142 409



TABLE | (Contd.)

Isotropic Splitting

Anisotropic Splitting

gpen/h, A2=am0), b 2ugINHN<r
Nucleus % Abundance Nuclear Spin | MHz/kG Orbital a.u. MHz Gauss Orbital <3, au. MHz Gauss
1 I i v v vi vil Vil IX X X Xil
co 100 02 1.0103 4 33 372 1325 3 5.8997 2] 267
60co- - 5 0.4 1,68 603 340 122
Y] 125 3/2 0.379 4.1 1,523 545 6.9724 331 118
3¢y 69.09 3/2 1.1285 52.4 4941 110 8.1540 1,154 a3
LT - 1 0.30 1315 an 307 110
65cu 3091 3/2 1.2090 5300 1,89 1,236 w
67zn 412 5/2 0.2664 51.0 1,269 454 9.450 316 113
69ca 60.2 3/2 10219 873 7454 2,667 & 2.8908 370 132
Tga 39.8 3/2 1.2984 9471 3389 an 169
3ce 7.61 9/2 -0.1485 120 1494 53 4.134 -88 -315
5ps 100 3/2 0.7292 157 959 3431 6.8542 621 224
Tise 7.50 1/2 08131 198 13461 4816 9.2715 945 338
Msee - 712 -0.2211 3,660 -1310 -257 -92.0
gr 50.57 3/2 1.0667 3 2,700 7,764 11.9994 1,605 574
8lgr 49.43 3/2 1.1499 23394 8370 1,730 619
8y 1155 9/2 -0.164 293 -4022  -143%9 14.8867 -306 -109
8re - 9/2 0.170 4160 1492 317 113
8lgpe - 3/2 102 55 163 1388 297 20,097 2571 920
8Rp 2.8 5/2 04111 559 200 1,03 37
86Rb* - 2 (-0.65 (1884 (1316 (11638 (-1586
87Rp 21.2 3/2 1.3932 1,89 678 3,511 1,256
87sr 7.02 9/2 -0.1845 30.0 -4,608  -1,656 25.8947 =591 -2,14
8y 100 1/2 -0.2086 376 6% 2% 4 L7107 448 -16.0
91zr .23 512 -0.3958 a1 1458 =52 2.3974 -119 226
9o 100 9/2 1.0407 50.0 4349 155% 3.1220 407 146
95Mo 15.78 5/2 -0.2774 55.6 -1,290 -462 3.9001 -136 -48.7
9mo 9.60 512 -0.2833 -1317 -an1 -13%9 -29.7
e+ - 9/2 0.9583 610 $4887 1189 4.73% 569 204
BRy 12.81 512 -0.19 6.2 -1,052 -376 5.6438 -1 -479
101gy 16.98 5/2 -0.21 -1,163 -416 -149 -533
103pp 100 1/2 -0.1340 7.3 -9 -286 6.6185 -111 -9.7
105p 22.23 5/2 -0.174 7.3 -1,110 -397 7.6666 -167 -59.8
1075g 5135 1/2 -0.1723 813 -0 -4l 8.1911 -190 -68.0
10979 8.65 1/2 -0.1981 -136 -4 -218 -78.0
1lpge - 1/2 -0.221 -1,501 -537 -204 -81.3
1lcg 12.8 1/2 -0.9028 86.1 6500  -2,326 9.9041  -1121 -401
13cq 12.34 1/2 -0.9444 -6,800 2,433 1,173 -420
13y 416 9/2 0.9310 123 9551 3417 5p 44512 520 18
115y 95.84 9/2 0.9329 9571 3425 521 186
1155 0.35 1/2 -1.392 160 -18640  -6,669 6.7468  -1178 -421
s 7.67 1/2 -1517 -20313  -7,268 -1,283 -459
19 8.68 1/2 -1.587 21250  -7,603 -1,343 -481
1215p 51.25 5/2 1.019 200 1709 6,089 9.2313 1,180 a2
1235 .75 12 05518 9216 3297 639 229
1237, 0.8 1/2 -1.116 2] 2254 -8081 11936  -1671 -598
1257¢ 7.03 1/2 -1.345 -2121 9,738 -2,013 120
127, 100 5/2 0.8519 287 20459 7,320 14.8724 1,589 569
1291+ - 02 0.5669 13614 481 1,057 3718
1295 26.24 1/2 -1.178 336 33,055 -11,827 17.8266  -2,633 -942
Blye 21.24 3/2 0.3490 9,793 3504 780 219
127¢se - 1/2 215 6s 210 3 1349 23,2545 6,270 2,3
ro : 1/2 2.4 3929 1406 6,53 2,337
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TABLE | (Contd.)

Isotropic Splitting

g/, A2 = amidg(0),
Nucleus % Abundance Nuclear Spin | MHz/kG Orbital a.u. MHz Gauss
| 1 n v v vi Vil viil
Blgge - 5/2 1.06 6s 210 1,859 665
13¢5 100 7/2 0.5585 980 £
1345+ - 4 0.564 989 354
13505+ g 12 0,59 1,042 313
Bicse - /2 0.618 1,084 388
1358, 6.59 3/2 0.4230 373 1,318 a2
137g, 1.3 3/2 04732 1474 521
1385 0.089 5 0.5617 389 1,824 653
1395 99.911 712 0.6014 1953 699
lgee - 712 0,035 403 118 2.2
14lpe 100 5/2 1195 a8 4177 1,49
143ng 12.20 /2 -0.272 433 -984 -352
145y 8.30 7/2 017 615 220
147g» - 9/2 0.037 134 a9
1475 15.07 102 -0.15 4.2 -519 -207
1495 13.84 7/2 -0.12 -463 -166
Blgy a7 5/2 1,049 an? 4179 1,49
153y 52.23 5/2 0.4638 1,848 661
154ey - 3 0.51 2,032 21
15564 14.68 3/2 -0.12 9.1 -493 -176
B57gg 15.64 3/2 -0.17 -698 -250
97y 100 3/2 0.772 50.6 3268 1169
161py 18.73 5/2 0.12 52.1 523 187
163py 24.97 5/2 0.16 698 250
165Ho 100 02 0.722 53.7 3,240 1,159
167gr 2.8 112 0.104 55.2 480 172
1697m 100 1/2 0.349 56.8 1,657 5,929
17lyp 14.21 1/2 0.751 58.4 3,664 1,311
13yp 16.08 5/2 -0.21 -1,024 -366
175y 97.40 712 0.486 7.8 2918 1044
176y 4+ 2.60 6 053 3,18 1,139
177y 18.39 /2 013 8.9 901 322
1794 13.78 9/2 -0.080 -555 -199
1815 100 /2 0.509 93.0 3,957 1,416
183y 14.28 1/2 0.175 102.4 1,498 536
185Re 37.07 5/2 0.9586 111 8911 3,188
187ge 62.93 5/2 0.9684 9,002 3,221
18705 - 1/2 0.18 120 1,800 644
1895 16.1 3/2 0.3307 3301 1183
::;:: :f: ;Z 0.0813 128 1,107 3%
195p¢ 33‘7 1/2 32?:3 - -
e 100‘ o 0-0731 135 10366 3,709
i) : . a>19 143 874 313
e ) = 0412 2,271 813
i - 1/2 i v -
Wiy e = a.mo 150 9,923 3,550
g 13l24 - -oAzxo . 9,547 3,416
o 29~52 - . -3517 1,258
: 2.433 205 4,625 14,893
jg:L ;(llﬁ 1/2 2.451 2,035 15,040
Pl 100‘ 1/2 0.8899 258 19,195 6,868
9/2 0.6842 312 1789 6,39

Orbital

IX

)

5d

<, au.

X

23.2545

29.0659

3.694

4.3005

4.9127

5.5410

6.8637

7.5645

8.2938

9.0537
9.8451

10.6693

11.5275

12.4204

13.3495

3.3816

4.4934

5.6057

6.7504

7.9414

9.1859

10.4886

11.8527

13.2809

14.6560

7.5553

10.9883
14,5706

Anisotropic Splitting
2uggNINST

MHz
X1

3,091
1,629
1,645
1,732
1,802
1,542
1,725
260
279
189
736
-189
118
257,

-129
-103
995
440
484
-125
=T
876
148
198

150

1,257
=357

1,360
122
316

1,452
1,397
-515
2,305
2,328
1,226
1,250

Gauss
Xl

1,106
583
589
620
645
552
617

93.0
9.8
6.76
263
-67.6
22
9.20
-46.2
-36.9
356
157
173
-44.1
-63.3
313
53.0
70.8
346
53.7
195
450
-126
3.7
80.5
26.1
-16.1
128
53.0

345
74.1

383
404

3.7
13

716
520
500

85
833
439
a7



il

The evaluation of the principal values of the f tensor reduces to
finding the expectation values of the second term of the right-hand side of
Eq. 3, as provided by the ground-state wavefunction. In crystal-field con-
figurations, the variables are separable and the evaluation of T reduces to

o> <n,«t’,l’fii(r)|n,&><&,m|€[\‘ii(e,<.p) |4, m>, (13)

where |n,L> and |»t’,,rn> are the radial and angular wavefunctions, respec-
tively. The radial part of Eq. 13 reduces to

<n,4|Ty;(r)|n,t> = a<r-®> (14)

for all principal values and is listed in Table I in MHz and in gauss. The
angular parts of Eq. 13 take the form

Txx(8,9) = <2,m|3 sin® 6 cos? ¢ - 1|4,m>, (15)

Tyy(8,9) = <4,m|3 sin® 8 sin’ ¢ - 1[4, m>, (16)
and

T,,(8,9) = <4,m|3 cos?8 - 1|4, m> (17)

and are listed in Table II, averaged over the real wavefunctions

1 *
¥ <(0,9) :f(YL,_m + YL’_m) (18)
and
¥°@.0) =—=(Y4,m - Yi,-m). (19)
2%
TABLE II. Average Angular Parameters of p and d Orbitals
P py‘ 21 dzz dx2-y2 dxy dxz dyz
4 2 2 & 2 E E _i
e = = = 7 T A
ol scuat R M LR WO fl
et have it g oanrigs 0T 7 7 7 7
i e i W S
st S T 7T T
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ion
where the spherical harmonics Yy m, have the general expresst

el 5 ]z
S b % Iml) PL,|m‘(COS 2 2

e
) e T s fml

Py ]m,(cos 8) is a Legendre polynomial4 listed in Table III for values of .4
, = ibed

up to 4. The coefficient (-1) 2 accounts for the phases as preserlh

by Condon and Shortley.® The real wavefunctions of Eqgs. 18 and 1:, where

the superscripts c¢ and s stand for cosine and sine, are the well-known

Px» Pys -0 dx?-—yl’ ..., real wavefunctions.
TABLE III. Associated Legendre
Polynomials from 4 = 0 to 4 = 4
P, o(z) = 32(52% - 3) ;
Py, (z) = (3/2)(1 - 2%)%(52 - 1)
Z8-—Ncosit 12 o) = 18l = 27
Po,olz) = 1 P, 4(z) = 15(1-23)"
Po(z) = = =l = (1/8)(3524-3?z2+3)
P, y(z) = (1-29)° Py (z) = (5/2)z(1 - 22)2(722 - 3)
P,o(z) = 3(32%-1) P, ,(z) = (15/2)(1 - 2%)(72% - 1)
P,,1(z) = 32(1 - ZZ)% P, 3(z) = 105z(1 - 22)3/2
P, .(z) = 3(1-2°) Py 4(z) = 105(1 - zz)z

The Hartree-Fock parameters have been taken from Froese Fischer
tables.® The nuclear Larmor precession frequencies are those listed in
Varian's tables,” with the sign of the nuclear magnetic moment.

HARTREE-FOCK <r~*> PARAMETERS
OF TRANSITION METAL IONS

The parameters of Table I are those calculated by Froese Fischer
for neutral atoms.® Freeman and Watson's results® for <r >> differ from
Froese Fischer's in that the former are systematically lower. The advan-
tage of Freeman and Watson's calculations lies in that the values of <r 3>
for different charges of the ion have been estimated. As a rule of thumb,
Froese Fischer's <r 3> for the neutral atom are closer to Freeman and
Watson's values for the divalent ion. If Freeman and Watson's values are
preferred, the values in columns XI and XII of Table I should be multiplied by
the ratio of their values to the value of <r-3> listed in column X of Table I.



An approximate empirical relation holds for the values of <r 3> of
ions of the same element and charges p and p+q, namely:

= ¢ -3 -3
SEEe>nig = <t >p+q(0.45+0.1~/<r >p)

in atomic units, where Froese Fischer's value for the free atom may safely
be taken for Freeman and Watson's value for p = 2.

Example 1
<r?>(Cutt) = <r3>(cu?t) + 2(0.45 i (1)1 <r'3>(Cu2+))

Taking for Cu®T the value for Cu® from Table I, which is 8.15 a.u. (Freeman
and Watson's value for Cu?t is 8.25 a.u.), one gets

<r2>(cu*t) = 9.63 a.u.

in 2% agreement with Freeman and Watson's value of 9.81 a.u. for Gu
Example 2
<r3>(Agh) = <r3>(ag?t) - (0.45 i ()1 <r'3>(AgZ+))

Taking for Ag2+ the value for Ag’ from Table I, which is 8.80 a.u. (Freeman
and Watson's value for Ag2+ is 8.91 a.u.), one gets

<r3>(Ag") = 8.05 a.u.
in 2% agreement with Freeman and Watson's value of 8.22 a.u. for Ag+.

In other cases, the agreement is not so good, but the discrepancies
are never larger than 10%.

13
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